Abstract. The Minimum Energy Broadcast problem consists in finding the minimum-energy range assignment for a given set S of n stations of an ad hoc wireless network that allows a source station to perform broadcast operations over S.
Introduction
An ad-hoc wireless network consists of a set S of radio stations connected by wireless links. We assume that stations are located on the Euclidean plane. A transmission range is assigned to every station: a range assignment r : S → R determines a directed communication graph G(S, E) where edge (i, j) ∈ E if and only if dist(i, j) ≤ r(i) where dist(i, j) is the Euclidean distance between i and j. In other words, (i, j) ∈ E if and only if j belongs to the disk of radius r(i) centered at i. The transmission range of a station depends on the energy power supplied to the station. In particular, the power P s required by a station s to transmit data to another station t must satisfy the inequality
where α ≥ 1 is the distance-power gradient. In the empty space, α = 2 (see [20] ): this is the case considered in this paper.
Stations of an ad-hoc network cooperate in order to provide specific network connectivity properties by adapting their transmission ranges. A Broadcast Range Assignment (for short Broadcast ) is a range assignment that yields a communication graph G containing a directed spanning tree rooted at a given source station s. A fundamental problem in the design of ad-hoc wireless networks is the Minimum Energy Broadcast Problem (for short Minimum Broadcast ): it consists in finding a Broadcast of minimal overall energy power [7, 10, 18] . A range assignment r can be represented by the corresponding family D = {D 1 , . . . , D } of disks, and its overall energy power (i.e. cost(D)) is defined as
The Minimum Broadcast problem is known to be NP-hard [5] and the bestknown approximation algorithm is the MST-based heuristic [1, 10] . The MSTbased heuristic computes the minimum spanning tree of the complete graph induced by S, then, it assigns a direction to the edges from the source s to the leaves; finally, it assigns to each node i a range equal to the length of the longest edge outgoing from i. This heuristic is efficient and easy to implement, so, its worst-case approximation analysis has been the subject of several works over the last five years. In particular, the first constant upper bound ( 40) on the approximation ratio was determined in [5] . A rather sophisticated analysis, recently introduced in [1], yields the tight upper bound 6. The tightness follows from the lower bound proved in [4, 10] by considering unlike input configurations.
The worst-case analysis is often not sufficient to evaluate the practical interest of a heuristic. It might be the case that the MST-based heuristic provides nearly optimal solutions for most of natural and practically-relevant instances. Recently, experimental studies have been presented on this issue [11, 6, 10] .
Our Results
Minimum Broadcast Problem. In this paper, we address the above issue by adopting an analytical approach: we consider Minimum Broadcast and some other related problems on square grids. Square grids have been often considered in wireless networks since they well-model some well-spread, practically relevant ad-hoc network topologies [8, 19, 20] . One can see that the MST-based heuristic, on a square grid of n points (without loss of generality, adjacent points are placed at unit distance), returns, in the worst-case, a solution of cost n − 1. On the other hand, what is the optimal cost on the square grids? One may think that determining this cost is an easy task for so simple instances. On the contrary, this is far to be true: as we will see later, this analysis involves the well-known mathematical Gauss' Circle problem [15, 17] and the Apollonian Circle Packing [13, 21] . Our first contribution is the following result.
